We study photon, phonon statistics and the cross-correlation between photons and phonons in a quadratically coupled optomechanical system. Photon blockade, phonon blockade, and strong anticorrelation between photons and phonons can be observed in the same parameter regime with the effective nonlinear coupling between the optical and mechanical modes, enhanced by a strong optical driving field. Interestingly, an optimal value of the effective nonlinear coupling strength for the photon blockade is not within the strong nonlinear coupling regime. This abnormal phenomenon results from the destructive interference between different paths for twophoton excitation in the optical mode with a moderate effective nonlinear coupling strength. Furthermore, we show that phonon (photon) pairs or correlated photons and phonons can be generated in the strong nonlinear coupling regime with a proper detuning between the weak mechanical driving field and mechanical mode. Our results open up a way to generate anticorrelated and correlated photons and phonons, which may have important applications in quantum information processing.
I. INTRODUCTION
To fulfill the needs of quantum information processing [1, 2] , the development of single photon sources [3] [4] [5] has become a research focus in quantum physics. A perfect single photon source can emit a single photon in one time so that the emitted photons show strong antibunching effect. Photon blockade [6] that the excitation of the first photon blocks the excitation of the second photon can be used to realize perfect single photon source. Photon blockade has been observed in many different systems, such as cavity quantum electrodynamics systems [7] [8] [9] , a quantum dot in a photonic crystal [10, 11] , and circuit quantum electrodynamics system [12] [13] [14] .
As the counterpart of photons, phonons are the elementary excitations in mechanical systems. With the development of micro-and nano-technology, such as improving the quality factor of the mechanical oscillators and enhancing the coupling strengths of mechanical oscillators to other quantum systems [15, 16] , the appearance of phonon lasers [17] [18] [19] and theoretical proposals on generating single phonons [20] [21] [22] [23] [24] [25] [26] [27] [28] , phonons gradually become a new candidate for quantum information processing. Moreover, the measurement of the correlations of the phonons can be realized by converting the mechanical signals into optical signals through auxiliary optomechanical couplings [23] [24] [25] . In a recent experiment [24] , the phonon correlation in an optomechanical system has been measured by detecting the correlations of the emitted photons from the optical cavity.
As the complexity of the tasks, entrusted to the quantum information processors, becomes higher and higher, hybrid optical and mechanical systems become more and more important * Electronic address: davidxu0816@163.com † Electronic address: aixichen@ecjtu.edu.cn [29, 30] . One useful approach to improve the overall coordination is to design a hybrid device which can generate not only single photons and single phonons, but also correlated single photons and single phonons. The coupling between optical and mechanical systems based on two main ways: one is induced indirectly by muti-level atoms, such as artificial atoms based superconducting quantum circuits [30, 31] and nitrogen-vacancy centers [32, 33] ; the other one is induced by parameters coupling, such as optomechanical coupling [34] .
Optomechanical system, that a cavity mode is coupled to a mechanical mode via radiation pressure or optical gradient forces, provides us an appropriate platform to manipulate both photons and phonons simultaneously (for reviews, see Refs. [35] [36] [37] [38] [39] [40] ). It has been shown that photon blockade can be realized in the optomechanical system with different structures, such as strongly coupled optomechanical systems at single-photon level [41] [42] [43] [44] [45] [46] [47] , multimode optomechanical systems [48] [49] [50] [51] , squeezed optomechanical systems [52, 53] , quadratically coupled optomechanical system driven by a strong optical field [54] . Recently, strong phonon antibunching was proposed in a quadratically coupled optomechanical system [55] [56] [57] and this provides another possible way to generate single phonons in the optomechanical system. However, the realization of both photon blockade and phonon blockade in one optomechanical system with the same parameters has not been considered yet. Moreover, optomechanical system provides us an ideal platform to investigate the crosscorrelation between photons and phonons [58] , which has important applications in quantum information processing.
In this paper, we study photon statistics, phonon statistics and the cross-correlation between photons and phonons in a quadratically coupled optomechanical system. The effective nonlinear coupling between the optical and mechanical modes in a quadratically coupled optomechanical system can be enhanced by a strong driving optical field as shown in Refs. [54, 56, 57, 59] . Different from the previous studies [54, 56] , we find that there is an optimal value of the effec-tive nonlinear coupling strength for photon blockade before reaching the strong nonlinear coupling regime, and both photon and phonon blockades can be observed in a quadratically coupled optomechanical system with the same parameters. Moreover, we also study the cross-correlation between photons and phonons, and show that both anticorrelated and correlated phonons and photons can be generated in the quadratically coupled optomechanical system. The paper is organized as follows. In Sec. II, we show the theoretical model of the quadratically coupled optomechanical system. In Sec. III, we study phonon blockade, photon blockade, anti-correlation between phonons and photons, and the effects of the parameters on the statistical properties of the system are discussed. In Sec. IV, we explain how the strong photon blockade appears with a weak nonlinear coupling strength. In Sec. V, we show that phonon (photon) pairs and correlated photons and phonons can be generated in the strong nonlinear coupling regime with a proper detuning between the weak mechanical driving field and mechanical mode. Finally, we summarize the results in Sec. VI.
II. THEORETICAL MODEL
We study an optomechanical system in which a mechanical mode is quadratically coupled to an optical mode. Such system can be found in the optomechanical crystals [60] , Fabry-Perot cavities with membrane-in-the-middle [61] [62] [63] [64] , and other optomechanical systems [65] [66] [67] [68] . We assume that the optical mode is driven by an external field with the strength Ω and frequency ω L , and the mechanical mode is driven by a mechanical pump of strength 2 √ 2ε cos (ω d t) (amplitude ε, frequency ω d ). In the rotating reference frame with optical frequency ω L , the system can be described by a Hamiltonian ( = 1)
where ∆ c = ω c −ω L is the detuning of the strong optical driving field from the optical mode with frequency ω c ; A and A † are the annihilation and creation operators of the optical mode, Q and P are the dimensionless displacement and momentum operators of the mechanical mode with frequency ω m , and g > 0 is the quadratic optomechanical coupling strength between the optical and mechanical modes. The damping rates of the optical mode and mechanical mode are γ c and γ m , respectively. We assume that the strength of the optical driving field is strong, i.e., Ω ≫ γ c , while the strength of the mechanical driving field is much weaker than the damping rate of the optical mode, i.e., ε ≪ γ c . Based on the Hamiltonian in Eq. (1), a tunable second-order nonlinear coupling between the optical and mechanical modes can be induced by the strong optical driving field. The quantum Langevin equations (QLEs) for the operators are given by 
where A in and ξ are the noise operators with zero mean values. The steady state mean values α, Q s and P s of operators A, Q and P can be obtained by taking the quantum average of the QLEs and setting the time derivatives to zeros. Without considering the weak mechanical driving field, i.e., ε = 0, the steady state mean values α, Q s and P s for g > 0 are shown as
We expand the operators as the sum of their steady state mean values and quantum fluctuations: A → α+a, Q → Q s +q and P → P s + p, where a, q and p are the quantum flucturation operators, then the effective Hamiltonian H ′ for the quantum flucturation operators reads
where
For a strong optical driving field, we assume that the steady-state mean value α is much larger than the quantum flucturation operators a, such as |α| 2 ≫ a † a , then the term ga
in the above equation can be neglected. In the rotating reference frame with respect to the unitary operator
, under the rotating-wave approximation by neglecting the terms oscillating with high frequencies in Eq. (7), e.g. 2ω d and 4ω d , a simplified effective Hamiltonian is obtained as
where the detunings ∆ = ∆ c −2ω d and ∆ m = ω m +2g |α| 2 − ω d satisfy the condition {|∆| , |∆ m |} ≪ ω m ; J = gα is the effective second-order nonlinear coupling strength between the optical and mechanical modes, and can be controlled by tuning the strength of the strong optical driving field. Without loss of generality J is assumed to be real.
The energy spectrum of the Hamiltonian for the linearized quadratically coupled optomechanical system in Eq. (8) is shown in Fig. 1 , where ω 0 ≡ ω m + 2g |α| 2 = ∆ c /2. In the non-coupling basis (left), |n, m represents the Fock state with n photons in optical mode and m phonons in the mechanical mode. In the diagonal basis (right), we have
. To have J ∼ γ c in the weak quadratically coupling regime g ≪ γ c , the optical mode has to be strongly driven with |α| ≫ 1. In this case, we have the frequency shift ω ′ ≡ 2g |α| 2 ≈ 2 |Jα| ≫ γ c and the effective frequency of the mechanical mode ω 0 = ω m + ω ′ may be much higher than the bare frequency of the mechanical mode ω m .
To quantify the statistics of the phonons and photons in the system, we consider the second-order correlation functions in the steady state (t → ∞) defined by
are the mean photon and phonon numbers. The dynamic behavior of the total open system is described by the master equation for the density matrix ρ [69] 
denotes a Lindbland term for an operator o; n th is the mean number of the thermal phonon, given by the Bose-Einstein statistics
−1 with the Boltzmann constant k B and the environmental temperature T . The temperature effect on the photon is neglected, because we assume that the optical frequency is much higher than the mechanical one. The bb (0) and log 10 g ab (0) decrease gradually with the increase of the effective coupling strength J. Similar phenomena were mentioned in doubly resonant nanocavities with second-order nonlinearity [70] , where a strongly anticorrelation between the first-and second-harmonic photons was reported. Here, we propose to realize strongly anticorrelation between photons and phonons with quadratically optomechanical coupling, which may have important applications in building hybrid systems. Moreover, different from the monotone increases of log 10 g (2) bb (0) and log 10 g (2) ab (0), the minimum of log 10 g The monotone increases of log 10 g (2) bb (0) and log 10 g ab (0) can be understood by the energy spectrum shown in Fig. 1 . When the mechanical mode is driven by field with the frequency ω d = ω 0 , we can realize the phonon blockade in analogy to the cavity QED [7] [8] [9] [10] [11] [12] [13] [14] : the transition from |0 0 to |1 0 is enhanced with resonant phonon absorption, while the transition from |1 0 to |2 ±1 is blocked for detuning √ 2J. The anti-correlation between the photons and phonons for g (2) ab (0) < 1 can be understood in a similar way: the the transition from |2 ±1 to |3 ±1 is also blocked for detuning ( √ 6 − √ 2)J. However, the appearing of the minimum of log 10 g (2) aa (0) with the effective coupling strength J ≈ 0.406γ c cannot be explained by the same way with nonlinear energy spectrum of the system. This abnormal phenomenon results from the destructive interference between different paths for two-photon excitation in the optical mode [71] and we will give a detailed explanation in the next section.
There are two external driving fields applied to the system simultaneously: a strong optical field with frequency ω L and a weak mechanical driving field with frequency ω d . log 10 g (2) ij (0) (ij = bb, aa, ab) are plotted as functions of the detuning δ/γ c ≡ (ω c − ω L − 2ω d )/γ c in Fig. 2(b) and detuning ∆ m = ∆/2 in Fig. 2(c) . In Fig. 2(b) , we set ω 0 = ω d and the detunings δ is changed by tuning the frequency ω L ; in Fig. 2(c) , we set ω L = ω c − 2ω 0 and the detuning ∆ m (∆) is changed by tuning the frequency ω d . The figures show that the photon blockade, phonon blockade, and strongly anticorrelated photons and phonons are much more rigid against the tuning of frequency ω L but more sensitive to the tuning of frequency ω d .
Mean phonon number n b and photon number n a for pho- 
aa (0) as a function of the damping rate γm/γc and the effective coupling strength J/γc for ε = 0.05γc; (a) contour plot of log 10 g (2) aa (0) vs the damping rate γc/(10γm) and the effective coupling strength J/(10γm) for ε = 0.5γm. The white dashed line refers to Eq. (22) . The other parameters are ∆ = ∆m = 0 and n th = 10 −4 .
ton blockade, phonon blockade and strongly anticorrelated photons and phonons are plotted as functions of the detuning ∆/γ c in Fig. 2(d) . As the generation of a single photon needs annihilating two single phonons, the efficient for singlephoton generation is much lower than the one for singlephonon generation. The second-order correlation function g (2) ij (τ ) (ij = bb, aa, ab) is plotted as a function of the normalized time delay τ /(2π/γ c ) in Fig. 2 ij (0) is plotted as a function of the mechanical driving strength ε/γ c for different mean thermal phonon numbers n th in Fig. 3 : (a) ij = bb, (b) ij = aa, (c) ij = ab. Mean phonon number n b and photon number n a are plotted as functions of the mechanical driving strength ε in Fig. 3(d) . Clearly, the thermal phonons have a detrimental effect on the realization of photon blockade, phonon blockade and strongly anticorrelated photons and phonons. A proper increase of the mechanical driving strength ε can increase the number of mean phonons and photons and this is also helpful to overcome the detrimental effect induced by the thermal phonons. But if the mechanical driving strength becomes too strong, the phonons and photons tend to behave classically.
IV. UNCONVENTIONAL PHOTON BLOCKADE
To understand the origin of the strong photon antibunching appearing with weak coupling strength J ≈ 0.406γ c , we now examine the paths for two-photon excitation. As illustrated in Fig. 1 (left) , there are two transition paths for two-photon generation: |0, 4 → |1, 2 → |2, 0 and |1, 1 → |1, 2 → |2, 0 . The strong photon antibunching can be explained using the destructive interference between the two different paths of two-photon generation. The occupation probabilities in states |1, 2 and |2, 0 become zero when the transition matrix elements of these two paths of photon excitation have the same amplitude but different phase. To examine this explanation, following the method given in Ref. [71] , we will derive the optimal conditions for strong photon antibunching with the resonant driving condition ∆ = ∆ m = 0.
As the mechanical driving field is not so strong that the average photon and phonon numbers n a and n b are small, i.e. n a ≪ 1 and n b ≪ 1, we can expand the wave function |ψ in the Fock-state basis |n, m truncated to the two-photon and four-phonon states. That is, we assume |ψ = C 00 |0, 0 + C 01 |0, 1 +C 02 |0, 2 + C 10 |1, 0
where the coefficients satisfy C 00 ≈ 1 ≫ C 01 ≫ C 02 , C 10 ≫ C 03 , C 11 ≫ C 04 , C 12 , C 20 . The coefficient |C nm | 2 denotes the occupying probability in the state |n, m . Substituting the wave function in Eq. (13) and the effective Hamiltonian in Eq. (8) with ∆ = ∆ m = 0 into the Schrödinger's equation i∂ t |ψ = H eff |ψ , the dynamical equations for the coefficients C nm can be obtained by taking account of the dampings of the optical and mechanical modes. The steady-state values of the coefficients C nm are determined by the equations
To derive the optimal condition for photon blockade [i.e., g
aa (0) ≈ 0], we set C 20 = 0, then the optimal effective coupling strength is obtained as
Substituting γ m = γ c /10 into the above equation, we have J opt ≈ 0.406γ c , which is consistent well with the numerical results shown in Fig. 2(b) . Figure 4 shows the contour plot of log 10 g
aa (0) as a function of the damping rate γ m /γ c [or γ c /(10γ m )] and the effective coupling strength J/γ c . The white dashed line in Fig. 4 is the optimal effective coupling strength, given by Eq. (22) . It is clear that the optimal effective coupling strength, given by Eq. (22), agrees well with the numerical results. This suggests that the strong photon blockade appearing with weak coupling strength is induced by the destructive interference between two different paths of two-photon excitation. We can call the interference-based photon blockade as unconventional photon blockade, which is similar to the unconventional photon blockade in a weakly nonlinear system of photonic molecule [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] .
It is worth mentioning that our study is different from that of nonlinear photonic molecules. The main difference is that there are two separate energy scales in the weakly nonlinear photonic molecules [49, [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] , one is large linear coupling strength between coupled cavity modes, and the second is small nonlinearity (up to hundred times smaller than the photon damping rate). Here, in the quadratically coupled optomechanical systems, there is only one parameter, i.e. the effective (nonlinear) coupling strength J, which is the order of the damping rate of the optical mode [see Eq. (22)].
V. CORRELATED PHONONS AND PHOTONS
Different from the previous two sections, here, we assume that the system works in the strong coupling condition, i.e., J = 5γ c . log 10 g There is another interesting phenomenon that all the second-order correlation functions become larger (even much larger) than 1, i.e., log 10 g (2) ij (0) > 0 (ij = bb, aa, ab), in the areas between the peaks and dips, such as the area shown in Fig. 5(c) . These imply that the photon pairs and phonon pairs can be generated simultaneously and the generated photons and phonons are correlated with each other. Future applications could include the two-photon gateway, two-phonon gateway, and the correlated photon-phonon gateway [82] . log 10 g ij (τ ) shows an oscillation behavior with the periods 2π/(n∆ m ) (n is a positive integer). These oscillation behaviors with the periods 2π/(n∆ m ) come from the population oscillation between the states |n, m → |n, m + 1 with detuning ∆ m = 3.9γ c in the weak driving condition ε ≪ γ c . The time durations for the generations of phonon (photon) pairs and correlated photons and phonons are of the order of the lifetime of the phonons. The cross-correlation function for correlated photons and phonons is asymmetric for τ > 0 and τ < 0. ij (τ ) [(d) ij = bb, (e) ij = aa, (f) ij = ab] is plotted as a function of the normalized time delay τ /(2π/γc) in (d)-(f) for ∆m = 3.9γc. The other parameters are ε = 0.05γc, J = 5γc, ωL = ωc − 2ω0, ∆ = 2∆m, γm = γc/10, and n th = 10 −4 .
ij (0) is plotted as a function of the mechanical driving strength ε/γ c for different mean thermal phonon numbers n th in Fig. 6 : (a) ij = bb, (b) ij = aa, (c) ij = ab. Mean phonon number n b and photon number n a are plotted as functions of the mechanical driving strength ε in Fig. 6(d) . Similarly to the case in Fig. 3 , the thermal phonons have a detrimental effect on the realization of bunching phonons (phonons) and correlated photons and phonons. A proper increase of the mechanical driving strength ε can increase the number of mean phonons and photons and this is also helpful to overcome the detrimental effect induced by the thermal phonons. But if the mechanical driving strength becomes too strong, the phonons and photons tend to behave classically.
VI. DISCUSSIONS AND CONCLUSIONS
The first and also the most important condition required to observe anticorrelated and correlated photons and phonons in quadratical coupled optomechanical systems is the well resolved sideband limit, i.e., ω m ≫ γ c . This requirement could be reached for the optomechanical crystals as indicated in Ref. [60] by numerical simulations, where the simulated parameters are: mechanical resonance frequency ω m /2π = 225 MHz and optical damping rate γ c /2π = 20 MHz. Another candidate system is the Fabry-Perot cavity with membranein-the-middle [61] [62] [63] [64] and the resolved sideband limit was reached in Ref. [63] with mechanical resonance frequency ω m /2π ≈ 788 kHz and optical damping rate γ c /2π = 177 kHz. In addition, the quadratical couplings have been explored in a number of other optomechanical systems [65] [66] [67] [68] . Secondly, it is a outstanding challenge to detect single phonons directly in the experiments. The measurements of ij (0) [(a) ij = bb, (b) ij = aa, (c) ij = ab] is plotted as a function of the driving strength ε/γc for different mean thermal phonon number n th [solid curve for n th = 10 −4 ; dashed curve for n th = 10 −3 ; dotted curve for n th = 10 the correlation of the phonons and the cross-correlation between photons and phonons can be realized by converting the mechanical signals into optical signals through auxiliary optomechanical couplings [23] [24] [25] , which have been realized in a recent experiment [24] .
In summary, we have studied the photon, phonon statistics and the cross-correlation between photons and phonons in a quadratically coupled optomechanical system. We show that photon blockade, phonon blockade, and strong anticorrelation between photons and phonons can be observed in the same parameter area. Phonon blockade and strong anticorrelation between photons and phonons can be understood by the nonlinear energy spectrum of the system, while the photon blockade with weak nonlinear coupling strength can only be explanted by the destructive interference between different paths for two-photon excitation. The combination of photon blockade, phonon blockade, and strongly anticorrelated photons and phonons provides us a way to generate anticorrelated single photons and single phonons. Further more, in the strongly nonlinear coupling condition, photon pairs and phonon pairs can be generated simultaneously, and the photon and phonon pairs are correlated with each other, which can be used to generate two-photon gateway, two-phonon gateway, and the correlated photon-phonon gateway [82] .
